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SUFFICIENT CONDITIONS FOR EXISTENCE OF POSITIVE
SOLUTIONS FOR A CAPUTO FRACTIONAL SINGULAR BOUNDARY
VALUE PROBLEM
NASEER AHMAD ASIF
Abstract. We present sufficient conditions for the existence of positive solutions for a class
of fractional singular boundary value problems in presence of Caputo fractional derivative.
Further, the nonlinearity involved has singularity with respect to independent variable as
well as with respect to dependent variable.
1. introduction
Mathematical models involving fractional order derivatives offer better description of phys-
ical phenomena such as in mechanics, in control systems, fluid flow in porous media, signal
and image processing, aerodynamics, electromagnetics, viscoelasticity [2, 3, 8, 10]. Recently,
the area of fractional order boundary value problems (BVPs) has achieved a great progress
in respect of both theoretically and physical applications [4, 5, 6, 7, 9, 13, 14, 15]. Since most
of the nonlinear fractional differential equations do not have exact analytic solution, there-
fore, results to establish existence of solutions have attracted attention of many researchers
[16, 21, 24, 25, 26, 27]. However, few articles in literature have studied the existence of
solution for singular BVPs of fractional order, see [1, 12, 17, 19, 20, 23].
In this article, we establish criteria for positive existence of the following fractional order
BVP
CD
µ
0+x(t) + f(t, x(t)) = ω x(t), t ∈ (0, 1), 1 < µ ≤ 2, ω > 0,
x′(0) = 0, x(1) = 0,
(1.1)
where CD µ0+ Caputo fractional left derivative of order µ, f : (0, 1)×(0,∞)→ R is continuous
and singular at t = 0, t = 1 and x = 0. We prove positive existence for BVP (1.1) in the
space X := {x : x ∈ C[0, 1], CD µ0+ x ∈ C(0, 1)}. By positive solution x of BVP (1.1) we
mean x ∈ X satisfies BVP (1.1) and x(t) > 0 for t ∈ [0, 1).
The rest of the paper is organized as follows. In Section 2, the definition of fractional de-
rivative and some preliminaries lemmas are presented. In Section 3, by the use of fixed-point
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theorem and results of functional analysis, the existence of positive solution has established.
An example is presented to illustrate the main theorem.
2. preliminaries
Definition 2.1. [18, 22] The Caputo fractional left derivative of a function x ∈ ACn[0,∞)
of order µ ∈ (n− 1, n], n ∈ N, is
CD
µ
0+x(t) =
1
Γ(n− µ)
∫ t
0
x(n)(τ)
(t− τ)µ−n+1dτ.
Further, the following Laplace transforms are essential for our work
L{(CD µ0+x)(t)}(s) = sµL{x(t)}(s)−
n−1∑
k=0
sµ−k−1x(k)(0), n− 1 < µ ≤ n,
L{tν−1Eµ,ν(ωtµ)}(s) = s
µ−ν
sµ − ω , µ > 0, ν > 0,
∣∣∣ ω
sµ
∣∣∣ < 1,
(2.1)
where Eµ,ν(t) :=
∑
∞
k=0
tk
Γ(µk+ν)
is the modified Mittag-Leffler function.
Lemma 2.2. Let y ∈ L[0, 1], then the BVP
CD
µ
0+x(t) + y(t) = ω x(t), t ∈ (0, 1), 1 < µ ≤ 2, ω > 0,
x′(0) = 0, x(1) = 0,
(2.2)
has integral representation
x(t) =
∫ 1
0
G(t, τ) y(τ)dτ, t ∈ [0, 1], (2.3)
where
G(t, τ) =


Eµ,1(ωtµ)
Eµ,1(ω)
(1− τ)µ−1Eµ,µ(ω(1− τ)µ)− (t− τ)µ−1Eµ,µ(ω(t− τ)µ), 0 ≤ τ ≤ t ≤ 1,
Eµ,1(ωtµ)
Eµ,1(ω)
(1− τ)µ−1Eµ,µ(ω(1− τ)µ), 0 ≤ t ≤ τ ≤ 1.
(2.4)
Proof. Consider the extended differential equation
CD
µ
0+x(t) + y∗(t) = ω x(t), t > 0, 1 < µ ≤ 2, ω > 0, (2.5)
where y∗ : (0,∞)→ R is defined as
y∗(t) =

y(t), 0 < t < 1,0, t ≥ 1.
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Taking Laplace transform of (2.5), we have
L{CD µ0+x(t)}(s) + L{y∗(t)}(s) = ωL{x(t)}(s)
which in view of (2.1), leads to
L{x(t)}(s) = s
µ−1
sµ − ω x(0) +
sµ−2
sµ − ω x
′(0)− 1
sµ − ωL{y∗(t)}(s)
Taking inverse Laplace transform we have
x(t) = Eµ,1(ωt
µ) x(0) + tEµ,2(ωt
µ) x′(0)−
∫ t
0
(t− τ)µ−1Eµ,µ(ω(t− τ)µ)y∗(τ)dτ, t ≥ 0
Now employing BCs (2.2), we have
x(t) =
Eµ,1(ωt
µ)
Eµ,1(ω)
∫ 1
0
(1− τ)µ−1Eµ,µ(ω(1− τ)µ)y(τ)dτ −
∫ t
0
(t− τ)µ−1Eµ,µ(ω(t− τ)µ)y(τ)dτ, t ∈ [0, 1],
which is equivalent to (2.3). 
Lemma 2.3. The Green’s function (2.4) satisfies
(1). G : [0, 1]× [0, 1]→ [0,∞) is continuous and is positive on [0, 1)× [0, 1);
(2). G(t, τ) ≤ Eµ,µ(ω), for (t, τ) ∈ [0, 1]× [0, 1]; and
(3).
∫ 1
0
G(t, τ)dτ = σµ,ω(t)
ωEµ,1(ω)
, for t ∈ [0, 1], σµ,ω(t) := Eµ,1(ωtµ)Eµ,µ+1(ω)−tµEµ,1(ω)Eµ,µ+1(ωtµ).
Proof. (1). Clearly, Green’s function G(t, τ) is continuous for (t, τ) ∈ [0, 1]× [0, 1]. More-
over, G(t, τ) > 0 for (t, τ) ∈ [0, 1)× [0, 1).
(2). For τ ∈ [0, 1] we have (1− τ)µ−1 ≤ 1. Consequently, from (2.4), we have
G(t, τ) ≤ Eµ,µ(ω), for (t, τ) ∈ [0, 1]× [0, 1].
(3). Integrating (2.4) with respect to τ from 0 to 1, we have
∫ 1
0
G(t, τ)dτ =
Eµ,1(ωt
µ)
Eµ,1(ω)
∫ 1
0
(1− τ)µ−1Eµ,µ(ω(1− τ)µ)dτ −
∫ t
0
(t− τ)µ−1Eµ,µ(ω(t− τ)µ)dτ
=
Eµ,1(ωt
µ)
Eµ,1(ω)
∫ 1
0
τµ−1Eµ,µ(ωτ
µ)dτ −
∫ t
0
τµ−1Eµ,µ(ωτ
µ)dτ
=
Eµ,1(ωt
µ)Eµ,µ+1(ω)− tµEµ,1(ω)Eµ,µ+1(ωtµ)
ωEµ,1(ω)
=
σµ,ω(t)
ωEµ,1(ω)

3
3. main result
Assume that
(A1). There exist q ∈ C(0, 1), u ∈ C(0,∞) decreasing, and v ∈ C[0,∞) increasing such
that
|f(t, x)| ≤ q(t)(u(x) + v(x)), t ∈ (0, 1), x ∈ (0,∞),
∫ 1
0
q(t)dt <∞, and
∫ 1
0
q(t)u (c σµ,ω(t)) dt <∞ for c > 0.
(A2). There exist a constant R >
γ
R
Eµ,µ+1(ω)
ωEµ,1(ω)
such that, for t ∈ (0, 1) and x ∈ (0, R],
f(t, x) ≥ γ
R
, where the parameter γr is positive and decreasing for r > 0. Moreover,
R
Eµ,µ(ω)χR
(
1 + q(R)
p(R)
) > 1
where
χr =
∫ 1
0
q(t)u
(
γ
r
σµ,ω(t)
ωEµ,1(ω)
)
dt.
In view of (A2), choose ε ∈ (0, R− γR Eµ,µ+1(ω)
ωEµ,1(ω)
] such that
R− ε
Eµ,µ(ω)χR+ε
(
1 + q(R+ε)
p(R+ε)
) ≥ 1 (3.1)
For m ∈ N with 1
m
< ε, consider the modified BVP
CD
µ
0+x(t) + f
(
t,min{max{x(t) + 1
m
,
1
m
}, R}
)
= ωx(t), t ∈ (0, 1), 1 < µ ≤ 2, ω > 0,
x′(0) = 0, x(1) = 0,
(3.2)
which in view of Lemma 2.2, has integral representation
x(t) =
∫ 1
0
G(t, τ)f
(
τ,min{max{x(τ) + 1
m
,
1
m
}, R}
)
dτ, t ∈ [0, 1].
Define Tm : C[0, 1]→ C[0, 1] by
Tmx(t) =
∫ 1
0
G(t, τ)f
(
τ,min{max{x(τ) + 1
m
,
1
m
}, R}
)
dτ, t ∈ [0, 1]. (3.3)
Clearly, fixed points of Tm are solutions of BVP (3.2).
Theorem 3.1. Assume that (A1) and (A2) hold. Then the BVP (1.1) has a positive solution.
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Proof. In view of (A1) and Schauder’s fixed point theorem the map Tm defined by (3.3) has
a fixed point xm ∈ C[0, 1]. Thus
xm(t) =
∫ 1
0
G(t, τ)f
(
τ,min{max{x(τ) + 1
m
,
1
m
}, R}
)
dτ, t ∈ [0, 1] (3.4)
which in view of (A2) and Lemma 2.3, leads to
xm(t) ≥
∫ 1
0
G(t, τ)γ
R
dτ ≥ γR+ε σµ,ω(t)
ωEµ,1(ω)
(3.5)
Also (3.4) in view of Lemma 2.3, (A1), (3.5) and (3.1), leads to
xm(t) ≤ Eµ,µ(ω)
∫ 1
0
q(τ)u(min{max{xm(τ) + 1
m
,
1
m
}, R})
(
1 +
v(min{max{xm(τ) + 1m , 1m}, R})
u(min{max{xm(τ) + 1m , 1m}, R})
)
dτ
≤ Eµ,µ(ω)
∫ 1
0
q(τ)u
(
γ
R+ε
σµ,ω(τ)
ωEµ,1(ω)
)(
1 +
v(R + ε)
u(R+ ε)
)
dτ
= Eµ,µ(ω)χR+ε
(
1 +
v(R+ ε)
u(R + ε)
)
≤ R− ε
(3.6)
Consequently, from (3.5) and (3.6), solution xm of BVP (3.2) satisfies
xm(t) =
∫ 1
0
G(t, τ)f
(
τ, xm(τ) +
1
m
)
dτ, t ∈ [0, 1] (3.7)
and
γ
R+ε
σµ,ω(t)
ωEµ,1(ω)
≤ xm(t) < R, t ∈ [0, 1]
which shows that the sequence {xn}∞n=m is uniformly bounded on [0, 1]. Moreover, since
G(t, τ) is uniformly continuous on [0, 1] × [0, 1], by Lebesgue dominated convergence theo-
rem, the sequence {xn}∞n=m equicontinuous on [0, 1]. Thus by Arzela Ascoli Theorem the
sequence {xn}∞n=m is relatively compact and consequently there exist a subsequence {xnk}∞k=1
converging uniformly to x ∈ C[0, 1]. Moreover, in view of (3.7), we have
xnk(t) =
∫ 1
0
G(t, τ)f
(
τ, xnk(τ) +
1
nk
)
dτ
as k →∞, we obtain
x(t) =
∫ 1
0
G(t, τ)f(τ, x(τ))dτ (3.8)
which in view of Lemma 2.2, leads to
CD
µ
0+ x(t) + f(t, x(t)) = ω x(t), x
′(0) = 0, x(1) = 0.
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Also, CD µ0+ x ∈ C(0, 1). Further, from (3.8) in view of (A2) and Lemma 2.3, we have
x(t) =
∫ 1
0
G(t, τ)f(τ, x(τ))dτ ≥
∫ 1
0
G(t, τ) γ
R
dτ =
γ
R
σµ,ω(t)
ω Eµ,1(ω)
which shows that x(t) > 0 for t ∈ [0, 1). Hence x ∈ X is a positive solution of BVP (1.1). 
Example 3.2.
CD
1.9
0+ x(t) +
λ√
σ
1.9, 2.0
(t) σ
1.9, 2.0
(1− t)
(
1
5
√
x(t)
− x(t) +R
)
= 2 x(t), t ∈ (0, 1)
x′(0) = 0, x(1) = 0
(3.9)
where
0 < λ < min
{
R
6
5
13.3352 (1 + 2R
6
5 )
5
4
, 3.59596×R 65
}
Here
f(t, x) =
λ√
σ
1.9, 2.0
(t) σ
1.9, 2.0
(1− t)
(
1
5
√
x
− x+R
)
Choose
q(t) =
λ√
σ
1.9, 2.0
(t) σ
1.9, 2.0
(1− t) , u(x) =
1
5
√
x
, v(x) = x+R, γr = 1.94308× λ5√r
Then, ∫ 1
0
q(t)dt = 3.07853× λ,
∫ 1
0
q(t)u(c σ
1.9, 2.0
(t))dt = 4.37043× λ
5
√
c
Moreover,
|f(t, x)| ≤ q(t)(u(x) + v(x)), for t ∈ (0, 1), x ∈ (0,∞),
f(t, x) ≥ γ
R
for t ∈ (0, 1), x ∈ (0, R].
Further,
R
E
1.9,1.9
(2)χ
R
(
1 + v(R)
u(R)
) = R
7.94329× 25√R
(
1 + 2R
6
5
)
λ
4
5
> 1
where
χr = 5.21001× λ 45 × 25
√
r
Clearly, the assumptions (A1) and (A2) of Theorem 3.1 are satisfied, therefore, the BVP
(3.9) has a positive solution x ∈ X .
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